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Abstract Discontinuous Galerkin method (DGM) is a widely used numerical algorithm. It has
the advantages of high accuracy. flexibility in dealing with boundary conditions, easy parallelism,
and small numerical dispersion when solving seismic wave equations. In order to satisfy the
numerical simulation for accuracy and complex geological structures, in this paper, we suggest a
weighted Runge-Kutta discontinuous Galerkin (WRKDG) method for solving the acoustic wave
equation in three-dimensional (3D) medium with strong attenuation—D' Alembert medium on

unstructured meshes. The numerical scheme is derived in detail, and the general numerical
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stability conditions are presented based on the theory of ordinary differential equations. The
numerical dispersion and dissipation of WRKDG method are also investigated for the first time,
including the influence of dissipation parameters on the analysis results. In addition, we carry out
a convergence test of this method, and analyze the parallel speedup ratio of the WRKDG method
in 3D case. The results show that the 3D WRKDG method has good parallel capabilities. Finally,
we present several numerical examples in complex media with strong attenuation, including an
homogeneous model, an irregular geometric model, and the heterogeneous Marmousi model. The
results show that the method is not only accurate and in good agreement with the analytical
solution, but also can effectively simulate the acoustic wave field in irregular model including
sphere and heterogeneous Marmousi model. Finally, we present several numerical examples.
Numerical results further verify the correctness and effectiveness of the 3D WRKDG method in

solving the scalar wave equation in D’ Alembert medium, and they clearly show the wave

propagation characteristics of this strong attenuation medium.
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2010; Zhang et al. , 2012; Igel, 2017; Shragge and
Tapley, 2017; Wang et al. , 2019a, 2019b). FEM
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AT BRICITVE W — Rl ) B d 5 B A R AE 2 R
i DL B e U TR B RS BT B ST Ry e
FoE PA% BT EICE Dy 0, X R E LA B HATIF
Z RUF PR AHXS T FDM, B/ A% #3216 Al
B AT AL AT B AR 2R 30 B A T FEM, B 0] LA
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sr—4E A & (non-conforming) ™ #%. 45 7 #i,
DGM 772 8 75 5 T 22 [8) A7 76 [8] 1K . R 1 Ry ) 3
B WD 5 L T 32 2l ) B, B S A BE 3V IR SF- T T2
Do TR B 28 3R R A BT T HL RE A ke 4 1 B R )
]38 v A7 A2 B HE B 5 4 R 55 B9 52 I (De La
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PR DGM 3 2410 5K fif Wit 77 o [H G 75K
fifp by 5 i 7 R UL A T B Ol T L AR E ST R A
T 2B R DGM. B 4h, A& S 32 3 1
DGM J5 ¥ Y46 A7 BR i 5 19 DGM., Ay 7% 3% 5l
Fi R et #2 , Cockburn F1 Shu(2001) 4§
YR R S8 Sy Mk FR g ik AT DU R ] 5 L H
I » U 10 S AR L Ty R B A A TE [B) B I 2
ZAUfelE T BIR ] i B30 R ik 4 B e A RE DR UE B A%
A BE (Chabot et al. . 2018) . 3% B\ # A ST BF S
[ ARSI A ETHE.

e [E N BIE 5T J7 T T SO A (2013) R P A 4
(2013) , ## W 45 (2014) B8 36 H 45 (2014) dx A%
DGM i 1] 31 5K fift 9% 2 Jr 72 B 5 He 5§ (2015)
Yang % (2016) \Meng % (2018) 7k 4 J§ 45 (2018)
He 2:(2019a, 2019b, 2020).Zhang % (2019) 2%
FOR B 2D & B 52 e T8 B9 B 00R 23 B b X T
3D f§J¥ . He 2 (2020) & &I i % F-0F 58 F1 43 B7 1.
VE ABATE— R AL ) DGM #E]™ % 3D 4[] P/
J R R B A A R L R T MPT 47 S, (H U fifi
S 3D ML F 7S A B 0. A 5T EF XS 3D JE 4%
P FIAE & J& TR % 3D D' Alembert 4 J5i 1) I A7
WRKDG J7#:. D' Alembert 4 Jit & — kG 38 ¥ 4
JiT B LA X I8 2l 5 AR I ACKS P 3R 20 RS A L PR
HLA i 3% 1 22 36 X Li 25 (2015)  Cai 25 (2017) .
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Fig. 1 Transformation from the general tetrahedron to the

reference tetrahedron ( Dumbser and Késer , 200 6 ) with four

vertices (0, 0, 0), (1, 0, 0), (0, 1, 0), and (0, 0, 1)
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Runge-Kutta W} [&] B 8 #% =, AL A Runge-Kutta
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2 Von Neumann 73T

3D 1T T BB (B AR 2 M BB HIOR AR A 22
HTF Von Neumann 43 7. Ay G, AR 85— 4> i 18 i 1%
24t 3D DX I, IF e 1 Xl 1 57 T B IX A
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Gy AEWNEL 2a v BT 73 14 80 00 7T A4 ) 3 i SR il
(Mulder et al. , 2014; Ferroni et al. , 2017; He et
al., 20200 . 7E—NSL P KRBT VA 6 > DY A H
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Fig. 2 Grid configuration used in Von Neumann analysis.

Based on the (a) regular hexahedral division, each hexahedron

has (b) six tetrahedrons (Mulder et al. , 2014)
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Comparisons of the actual maximum Courant numbers

Table 1
(@mex )/ ale and the values (. ) ya. given by empirical formula

(28) for 3D P' and P> WRKDG methods in D’ Alembert media
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10 0.175 0.175 10 0.120 0.117

5 0. 205 0. 204 5 0.133 0.129
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line and black solid line represent the numerical solution

computed by the P? and P' methods, respectively
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Fig. 10  Snapshots of the acoustic wave fields computed
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by the P* method at time T=0. 5 s for the 3D homogeneous

model with dissipation parameter r=0
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Table 3 The amplitudes and attenuation ratios at the trough

at the receiver for the acoustic wave in D’ Alembert medium

. Attenuation ratio Theoretical attenuation
r Amplitude at trough

at trough ratio e "1/2
0 —2.647X10°3 — —
2 —2.159X1073 0. 816 0. 817
4 —1.759X10°° 0. 664 0.668
8 —1.172X10°3 0.443 0. 446
16  —5.234X10"1* 0.198 0.199
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Fig. 11  Waveform records at the receiver with different
dissipation parameters r=0,2,4,8 and 16 for the

homogeneous model
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Fig. 12 Illustration of the irregular geometric model. In
the computational domain 0 <z, y,2< 2 km, there is a
spherical area with spherical center coordinates (1,1,0.5) km

and a radius of 0.2 km

(2)

(®)

B 13 Ca) BRUHS DU 1 VK A% (19 3D 7R FE B 5 (b) 4ERITH v =0 4b iy FIA& &1 23 75 7 1

Fig. 13 Tllustration of (a) tetrahedrons in the ball and (b) the grid division at the cross section y=0
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Fig. 14 Snapshots of the seismic waves at T=0. 3 s with dissipation parameters (a) r =0 and (b) r=4
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Fig. 15 3D Marmousi model
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Fig. 16 Snapshots at T=1. 0 s for the 3D Marmousi

model with dissipation parameter r=2
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Table Al
(Dumbser and Kiser, 2006)

wiw) dS

(A7)

Face Definition on tetrahedrons

Face Vertices
1 1 3 2
2 1 2 4
3 1 4 3
4 2 3 4
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RA2 (a=#4iRHW ey, MESERSAINSTEY

Mz EPNEXR; (D)X FREHLLEQ FHSESY

N 51488 T Q HSTE Y 7 HIXTEL X & (Dumbser and
Kaser, 2006)

Table A2 (a) Relationship between the three-dimensional
coordinate axes £, n, and { and the face parameters 7 and
7 used in the area integrals; (b)Relationship between
the face parameters ¥ and 7 in the tetrahedron £; and

the face parameters 7 and 7’ in the adjacent

tetrahedron Q; (Dumbser and Késer, 2006)

Face 1 2 3 4
3 T V4 0 1-y¢
7 z 0 z x
¢ 0 z z z
(a)
h 1 2 3
7’ T 1-y¢ X
7 X T 1-y-¢
(b)
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